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Abstract. Let £ 7 = -1/4 (j2"=i( X j + Y f) + *7 r ) wher e 7 e C, and X h Yj and T are 
the left invariant vector fields of the Heisenberg group structure for R™ xl" xK. We explicitly 
compute the Fourier transform (in the spatial variables) of the fundamental solution of the 
Heat Equation d s p = —C-yp. As a consequence, we have a simplified computation of the 
Fourier transform of the fundamental solution of the □t,-heat equation on the Heisenberg 
group and an explicit kernel of the heat equation associated to the weighted 9-operator in 
C™ with weight exp(— tP(zi, . . . , z n )) where P(zi, . . . , z n ) = |(| Im z\ | 2 + • • • | Imz„| 2 ) and 
t£K. 



0. Introduction 

The purpose of this note is to present a simplified calculation of the Fourier transform of 
fundmental solution of the Ob-heat equation on the Heisenberg group. The Fourier transform 
of the fundamental solution has been computed by a number of authors [Gav77l IHul76l 
ICTOOl ITie06j . We use the approach of |CT00l ITie06j and compute the heat kernel using 
Hermite functions but differ from the earlier approaches by working on a different, though 
biholomorphically equivalent, version of the Heisenberg group. The simplification in the 
computation occurs because the differential operators on this equivalent Heisenberg group 
take on a simpler form. Moreover, in the proof of Theorem II. 2\ we reduce the n-dimensional 
heat equation to a 1-dimensional heat equation, and this technique would also be useful when 
analyzing the heat equation on the nonisotropic Heisenberg group (e.g., see |CT00] ). We 
actually use the same version of the Heisenberg group as Hulanicki |Hul76j . but he computes 
the fundamental solution of the heat equation associated to the sub-Laplacian and not the 
Kohn Laplacian acting on (0, g)-forms. 



A consequence of our fundamental solution computation is that we can explicitly compute 
the heat kernel associated to the weighted <9-problem in C n when the weight is given by 
exp(— tP(zi, z n )) where r G M and P(zi, z n ) = |(| ImziJ 2 + ■ • ■ | lmz n \ 2 ). When 
n = 1 and p(z\) is subharmonic, nonharmonic polynomial, the weighted <9-problem (with 
weight exp(— p(zi))) and explicit construction of Bergman and Szego kernels and has been 
studied by a number of authors in different contexts (for example, see |Chr914 IHas94j IHas95j 

2000 Mathematics Subject Classification. 32W30, 33C45, 42C10. 

Key words and phrases. Heisenberg group, heat equation, fundamental solution, heat kernel, Kohn 
Laplacian. 

1 



ALBERT BOGGESS AND ANDREW RAICH 



IHas98t IFS914 IBer92j ). In addition, Raich has estimated the heat kernel and its derivatives 
|Rai06bl lRaiQ6al IRai07l IKalj . 



1. The Heisenberg Group and the D^-heat equation 



Definition 1.1. The Heisenberg group is the set HP = W l x IP x WL with the following group 
structure: 

9*9' = (x, y, t) * (x', y', t') = {x + x',y + y',t + t' + x- y') 
where (x,y,t), (x',y',t') 6 K" x I" x K and ■ denotes the standard dot product in IP. 

The left-invariant vector fields for this group structure are: 

The Heisenberg group also can be identified with the following hypersurface in C n+1 : H n = 
{(z l7 . . . , z n+1 ) G C n+1 : lmz n+1 = (1/2) Y^=i(J mz j) 2 } where we identify {z u . . . , z n , t + 
i ( 1 / 2 )Yl 7 j=i( lmz j) 2 ) e H n with (zi,...,z n ,t) = (x 1 ,...,x n ,y 1 ,...,y n ,t) where zj = xj + 
iyj G C. With this identification, the left-invariant vector fields of type (0,1) and (1,0), 
respectively are: 



for g = (x, y, t) G HP and 1 < j < n 



The Heat Equation. The Kohn Laplacian □& acting on (0, g)-forms on H n « HP can be 
easily described in terms of these left-invariant vector fields. Suppose / = J2jei q fjdzj is a 
(0, g)-form where T q is the set of all increasing g-tuples J = . . . ,j q ), 1 < j % < Then 

□ft/ = X] ^n-2qfj dzj 

where 



See Stein ( |Ste93j . XIII §2), for details on computing D b . For comparison, the box operator 
((or Laplacian) in Hulanicki QHuI76p is -\ Y?j=ii x ] + Y f)- 

The Heat Equation is defined on (0, g)-forms p on HP with coefficient functions that depend 
on s G (0, 00) and (x, y, t) G HP. It is 

dp ,-, 
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(note that here, s is the "time" variable and t is a spatial variable). Since □& acts diagonally, 
we can restrict ourselves to a fixed component and look for a fundamental solution p that 
satisfies 

dp 



(2) 



-£ 7 p for s > 0, (a;,2/,t) G H r ' 



p(s = 0,x,y,t) = 8 (x,y,t) 
(i.e., the delta function at the origin in the spatial variables). 

Fourier Transformed Variables. We will use a Fourier transform in the spatial (x,y,t) 
variables (i.e. not the s- variable): let (a,(3,r) be the transform variables corresponding to 
(x, y, t), and define: 



Our main result is the following: 



I f(x,y,t)e- i(a - x+/3 - y+Tt) dxdydt. 



Theorem 1.2. For any 7 6 C, the spatial Fourier transform of the fundamental solution to 
the heat equation (TJj] is given by 

(3) p<(s, a, fi, r) = - 6 e-Adai^/a+iBc,^ 

(cosh(sT/2jJ"/^ 



where 



A sinh(sr/2) _ 2 sinh 2 (sr/4) 

r cosh(sr/2) ' rcosh(sr/2) 



Note that 7 may be any complex number, but 7 = n — 2q is the value where £ 7 corresponds 
to on (0, g)-forms. 

We also seek the fundamental solution to the heat equation associated to the weighted d 
operator in (s, x, y)-space. Given a function / on R" x R n x R, let 

— irt . 



f T (x,y)= / e-* Tt f(x,y,t)dt 
Jm 

be the partial Fourier transform in t. Define 

— d i l/<9 d . d i 1 . <9 (9 . 

^' = ^ + 2 %T = 2 ( &" + + ^ Lj = ^ + 2 %T = 2 ( &" " + ^ T) - 

Note that these operators are just the Fourier transform of Zj and Zj in the t-direction. If 
A x y is the Laplacian in both the x and y variables, the partial t-Fourier transform of £ 7 is 

£ 7 = -^{^x, y + 2iry -V x - {r 2 y ■ y + 7-7-)). 

The operator £ 7 acts on functions, but it can be extended to (0, g)-forms by acting on each 
component function of the form. If 7 = n — 2q, then £ 7 is the higher dimensional analog of 
the DT-p-operator from |Rai06a| IRai07l IRaij associated to the weighted d operator in C n with 
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weight exp(— rP(zi, . . . ,z n )) where P(z%, . . . , z n ) = |(| Imzi| 2 + • • • | Im,2 n | 2 ) and r6i As 
a corollary to our main theorem, we compute the fundamental solution to the heat operator 
associated to this weighted d. 

Corollary 1.3. For any 7 G C, r G M., the function 

~y, \ e -TST/4 A ( u2 + | ,2,; B 

Wi^y) (2 7r )™(cosh(sr/2))™/ 2 (A 2 + J B 2 )"/ 2 

zs £/ie fundamental solution to the weighted d heat equation: + Cj)p^(s, x,y) = 
P1(s = 0,x,y) = S(f)fi)(x,y). 

Finally, we use p 7 . to derive the heat kernel, as studied in |Rai06aj IRai07j IRaij INSOl] . 
Corollary 1.4. For any 7 G C, t 6 1, let 

T( ' y ' ,yj (47r) n sinh n (sr/4) 
Then if 7 is the heat kernel which satisfies the following property: if f G L 2 (C), then 

HJ[f](s,x,y) = [ H^s,x,y,x',y')f(x',y') dx'dy' 

JR n xR n 

is a solution to the following initial value problem for the heat equation: 



(4) 



H?[f]{s = 0,x,y) = f(x,y). 



Note that if 7 is conjugate symmetric in z = x + iy and z' = x' + iy' (i.e. switching z with 
z' results in a conjugate). 

2. Proof of Theorem 11.21 

It is easy to verify the following calculations. Recall that ~ refers to spatial Fourier 
transform. 

Xff(a,f3,r) = M - 2 ^^- + r 2 ^)/ 

Yff(a,P,r) = -0 
Tf(a,P,r) = irf. 

We first reduce the problem down to dimension one. Define /3 7,1 by the same formula as 
given in ([3]), but for dimension one (i.e. n = 1 and a, (3 G R). From ([3]), note that 

n 

(5) /3 7 ( S ,a,/3,r) = J] ^(s, a„ /5„ r), a = (a 1} . . . , a n ), /5 = (A, ...,/?„) G M n 
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(note the 7 on the left and the 7/11 on the right). Once we show that p 7,1 satisfies the 
transformed heat-equation in dimension one, i.e., 

(6) (JL - + Y* + vyf)) W>\ 8 , •)} = 

with initial condition p 7 ' 1 = 1 (the Fourier transform of the delta function), then by using 
([5]) , it is an easy exercise to show that p 7 in dimension n satisfies Theorem 11.21 

From now on, we assume the dimension n is one and so x, y, a and (3 are all real variables. 
Also, 7 will be suppressed superscript. Define 

■ a/3 

(7) u(s, a, j3, r) = p(s, a, /3, r)e~ l ~ . 
Then, the following equations are easily verified 

(8) u{s = 0, a, r) = e'^ 

The first equation follows from the fact that the Fourier transform of the delta function is 
the constant one. The second equation follows from the heat equation for p (from ([6])) and 
the above formulas for the transformed differential operators X, Y and T. We will refer to 
the above differential equation as the transformed Heat equation. 



Solution of Heat Equation Using Hermite Special Functions. For m = 0,1,2 
and 16R, let 



/ 1 \m Jm 
W, ( X ) = AZ^j ^ 2 /2^_r -s*. 



For T6i, let 



V^W = \r\- x/ S>Jx/yM)- 

It is a fact that tp m and hence ^ T m form an orthonormal system for L 2 (IR) (see [Tha93]. 
pg.1-7). It is also a fact (again see |Tha9 3j . (1.1.28)) that 

i>n(x) = x 2 ip m (x) - (2m + l)ip m (x). 



We first assume that r > and later indicate the minor changes needed in the case that 
r < 0. Replacing x by P/y/r in the previous equation yields: 

(10) (r 2 — -P 2 - 77-) «J = -(2m + 1 + 7 )r^C9). 

In other words, sV^ is an eigenfunction of the differential operator on the right side of ([9]) 
with eigenvalue —(2m + 1 + 7)1". 
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Since {^^1 are an orthonormal basis for L 2 (M), u can be expressed as 

oo 

u(s,a,f3,r) = £ a m (a, r)e^ 2m+1+ ^ T ^ m ((3) 

where a m (a, r) will be determined later. Differentiating this with respect to s and using ffTOl) 
gives 

^-u(s, a, P,t) = J2 am(a, r)e-^ 2m+1+ ^(--(2m + 1 + 7 ))r^(/3) 

m=0 

So, m satisfies the transformed Heat equation (J9]). To satisfy the initial condition ([8]), we 
must have 

00 

e -iaf3/r = u(s = 0> ^ ^ r) = J2 a m {a, t)V t JP). 

m=0 

Using the fact that the ^^((3) is an orthonormal system, we have 

a m {a,r)= [ e^^tf) d/3 = r 1 / 4 f e^^tf) d(3. 
Jr Jr 

The integral on the right is just the Fourier transform of ip m at the point a/y/r. From 
Thangavelu ( [Tha93j . Lemma 1.1.3), the Fourier transform of ip m equals ip m up to a constant 
factor of ( — i) m \/2Tr. Therefore, 



a m (a,r) = {-t) m {2Tx) l / 2 r l l^ m {a/ yff). 
Substituting this value of a m into the expression for u and rearranging gives: 

m=0 

Now solving for p (see equation ([7])) yields 



R 

u(s,a,P,T) = (27r) 1 /V^ 1+ ^ V(-^ m (^)^ m (^)e-^ 

m— II v v 



p(8,a,P,T)=e ia 0/T u ( a , a ,f3,T) = (27r) 1 / 2 e -K 1 +7)-^ ( _ irv , m( ^ )v , m( A )e -|-r e ^/r_ 

m=0 

Now let S = e~ ST / 2 , x = ot/y/r, y = (3/y/r. Since \iS\ < 1, we obtain (see [Tha93j . (1.1.36)) 
p(s,a,(3,T) = (2ny/ 2 S^ 1+ ^ [f^(-iS) m ^ m (x)^ m (y)\ e" 



vm=0 



p 2 i + s2 v a 'p wv 1+S : 
(l + S 2 )^ 6 

Now substituting in for S, x and y, a short calculation finishes the proof for r > 0. Note 
that p(s = 0, a, (3, r) = 1 (the Fourier transform of the delta function at the origin). 

When r = 0, the solution in ([3]) becomes p(s, a, 0) = e~ s (" 2+/32 )/ 4 which is easily shown to 
satisfy (jSJ). 
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If t < 0, then t is replaced by \t\ on the right side of (flu]) , which slightly changes the 
subsequent calculations. However the formula for the solution given Theorem 11.21 remains 
valid for r < 0. 



3. Proof of the Corollaries 



-p T (s,x,y) + C^p T = 



Proof. ( Corollary \1.3\) . Again, we assume the dimension is n — 1. The fundamental solution 
to this heat operator must satisfy 

d_ 

ds' 

with the initial condition p T (s = 0,x,y) = 5o(x,y). Now since p is the Fourier transform 
of the fundamental solution to the original Heat operator, clearly p T can be obtained by 
taking the inverse Fourier transform of p in the a, (3 variables. This is a standard calculation 
involving Gaussian integrals and will be left to the reader. □ 



Proof. (Corollary 1.4). If Lj and Lj, 1 < j < n, had constant coefficients then the heat 
kernel would just be p T {s,x — x',y — y') - an ordinary convolution. However, we must 
multiply by a "twist" factor e - lT ( x ~ x )-v to account for the fact that Lj and Lj have variable 
coefficients. Let 

(11) H T (s, x, y, x', y\ r) = p T (s, x-x',y- y^e^^ . 

Note that H T (f) satisfies the initial condition given in (j4j) in view of the initial condition 
satisfied by p T and noting that the twist term is 1 at x' — x. Showing that H T satisfies the 
heat equation in the s, x, y variables is a short calculation that uses the equation 

( Js ~ i ( Ax,y + 2ir(yV ~ ' Vs ~ ^ 2(kV ~ ' ( y ~ + 7T ^)) {p^ 3 ' x ~ x '^y~y')} = °- 

which is just the equation (J^ + £ 7 )p T = at the point (s, x — x',y — y'). 

Simplification of the Formula for H T . Note that the coefficient of the imaginary part of 
the exponent of p T is 

-B , , sinh(sr/2) „ 2sinh 2 (sr/4) 
where A = V 1 ,\ , B - 



A 2 + B 2 rcosh(sr/2) rcosh(sr/2) 

An easy calculation with cosh and sinh identities shows that 

B t A cosh(sr/4) 

- — and — - 



A 2 + B 2 2 B sinh(sr/4)' 

Consequently, the fundamental solution H T , from (fTTj) and Corollary 11.31 can be rewritten 

ti — "ysT 1 4 

H '( s > x >y> x >y)= ( 47 r)"sinh>r/4) e ' 1 1^1)^ 



□ 



8 



ALBERT BOGGESS AND ANDREW RAICH 



References 

[Ber92] B. Bcrndtsson. Weighted estimates for d in domains in C. Duke Math. J., 66(2):239-255, 1992. 
[Chr91] M. Christ. On the d equation in weighted L 2 norms in C 1 . J. Geom. Anal, l(3):193-230, 1991. 
[CTOO] Der-Chen Chang and Jingzhi Tie. Estimates for powers of the sub-Laplacian on the non-isotropic 

Hcisenberg group. J. Geom. Anal., 10:653-678, 2000. 
[FS91] J.E. Fornaess and N. Sibony. On LP estimates for d. In Several complex variables and complex 

geometry, Part 3 (Santa Cruz, CA, 1989), Proc. Sympos. Pure Math., 52, Part 3, pages 129-163, 

Providence, R.I., 1991. American Mathematical Society. 
[Gav77] B. Gaveau. Principe de moindre action, propogation de la chaleur, et estimees sous elliptiques sur 

certains groupes nilpotents. Acta Math., 139:95-153, 1977. 
[Has94] F. Haslinger. Szego kernels for certain unbounded domains in C 2 . Travaux de la Conference In- 
ternationale d'Analyse Complexe et du 7e Seminaire Roumano-Finlandais (1993). Rev. Roumaine 

Math. Pures Appl, 39:939-950, 1994. 
[Has95] F. Haslinger. Singularities of the Szego kernel for certain weakly pseudoconvex domains in C 2 . J. 

Fund. Anal., 129:406-427, 1995. 
[Has98] F. Haslinger. Bergman and Hardy spaces on model domains. Illinois J. Math., 42:458-469, 1998. 
[Hul76] A. Hulanicki. The distribution of energy in the Brownian motion in the Gaussian field and analytic 

hypoellipticity of certain subclliptic operators on the Heisenberg group. Studia Math., 56:165-173, 

1976. 

[NS01] A. Nagel and E.M. Stein. The Db-heat equation on pseudoconvex manifolds of finite type in C 2 . 
Math. Z., 238:37-88, 2001. 

[Rai] Andrew Raich. Dependence on parameters and pointwise estimates for a family of heat kernels. 
submitted. arXiv:0704.2768. 

[Rai06a] Andrew Raich. Heat Equations in R x C. J. Fund. Anal, 240(l):l-35, 2006. 

[Rai06b] Andrew Raich. One-Parameter Families of Operators in C. J. Geom. Anal, 16(2):353-374, 2006. 

[Rai07] Andrew Raich. Pointwise estimates of relative fundamental solutions for heat equations in R x C. 
Math. Z., 256:193-220, 2007. 

[Ste93] Elias M. Stein. Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Inte- 
grals. Princeton Mathematical Scries; 43. Princeton University Press, Princeton, New Jersey, 1993. 

[Tha93] Sundaram Thangavelu. Lectures on Hermite and Laguerre Expansions, volume 42 of Mathematical 
Notes. Princeton University Press, Princeton, New Jersey, 1993. 

[Tie06] Jingzhi Tie. The twisted Laplacian on C™ and the sub-Laplacian on H n . Comm. Partial Differential 
Equations, 31:1047-1069, 2006. 



Department of Mathematics, Texas A&M University, Mailstop 3368, College Station, TX 
77845-3368 



E-mail address: boggess@math.tamu.edu, araich@math.tamu.edu 



